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1. MAIN THEOREM
In this paper we consider the problem of determining the time-depen-
dent thermal conductivity of the one-dimensional heat equation for the
semi-infinite, homogenous conductor from measurements of temperature
and heat flux at the boundary. By using the notation
<C I [ a t g C I a t ) 0 t g I , 4Ž . Ž . Ž . Ž . Ž .q
Ž .where C I represents the space of continuous functions on the interval I,
the problem can be formulated as follows.
Ž . Ž .Problem 1.1. Given functions f t and g t defined, respectively, on
Ž . w .0 F t - T and 0 - t - T , determine a t g C 0, T so that the parabolicq
system
u s a t u 0 - x - ‘, 0 - t - T ,Ž . Ž .t x x
u x , 0 s 0 0 F x - ‘ ,Ž . Ž .
1.1Ž .
u 0, t s f t 0 F t - T ,Ž . Ž . Ž .
y a t u 0, t s g t 0 - t - T ,Ž . Ž . Ž . Ž .x
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Ž . Xadmits a classical solution u x, t satisfying, for each T - T ,
axsup u x , t q u x , t s O e x “ ‘ , 1.2 4Ž . Ž . Ž . Ž . Ž .x
X0-t-T
with some constant a - 2.
Here T may be either finite or q‘. By the classical solution we mean
Ž . w . w .that u x, t is a continuous function on 0, ‘ = 0, T with the continuous
Ž . Ž .derivatives u , u , u on 0, ‘ = 0, T , and f satisfies the compatibilityx x x t
Ž .condition f 0 s 0.
w x w xProblem 1.1 has been studied by Jones 7, 8 , Douglas and Jones 5 ,
w x Ž w x . w xCannon 1 see also 2]4 for related problems , and Suzuki 10 , and
several existence, uniqueness, and stability results have been established.
Ž .However, they have been proved under the assumption that f t is a
monotonically nondecreasing function. The purpose of the present paper is
to investigate the problem without this assumption.
Ž . w . Ž .By a solution a t g C 0, T of Problem 1.1 we mean that for a t theq
Ž . Ž . Ž .system 1.1 admits a classical solution u x, t satisfying 1.2 . Moreover we
use the notation
1 1 <C I [ f t g C I f t ) 0 t g I , 4Ž . Ž . Ž . Ž . Ž .q
1Ž .where C I represents the space of continuously differentiable functions
on the interval I. Then our main result can be stated as follows:
THEOREM 1.2. Assume that, with some m ) 0,
Ž . Ž . w . 1 Ž . Ž . 1ym XŽ .I f t g C 0, T l C 0, T , f 0 s 0, lim t f t ) 0;q t “ 0
Ž . Ž . Ž . 1r2ym Ž .II g t g C 0, T , lim t g t ) 0.q t “ 0
Ž . w .Then there exists a unique solution a t g C 0, T of Problem 1.1.q
w x Ž w x.As was proved in 7 see also 3, 10 , under the assumption that
Ž . w . 1Ž . Ž .f t g C 0, T l C 0, T and f 0 s 0, Problem 1.1 has a unique solution
Ž . w .a t g C 0, T if and only if the nonlinear integral equationq
1 f X tŽ .t
a t dt s g t 0 - t - T 1.3Ž . Ž . Ž . Ž .H 1r2t'p 0 H a r drŽ .Ž .t
Ž . w .has a unique solution a t g C 0, T . It should be pointed out that underq
Ž . w .the above assumption on f , if one can get the solution a t g C 0, Tq
Ž . Ž .then the solution u x, t of 1.1 can be obtained by the formula
› Ht t
u x , t s y2 x , a r dr a t f t dt ,Ž . Ž . Ž . Ž .H Hž /› x0 t
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Ž .where H x, t is the fundamental solution of the heat equation:
1 x 2
H x , t [ exp y .Ž . ž /' 4 t2 p t
Some remarks on the assumptions in Theorem 1.2 may be helpful at this
stage:
Ž . Ž . Ž . m Ž .a Assumption I implies that f t ; t t “ 0 , namely, that
ym Ž .t f t tends to a positive constant as t “ 0. In particular, in the case
XŽ .m G 1, the derivative f t is also continuous at t s 0.
Ž . Ž . Ž .b As is easily checked from 1.3 , under assumption I , the condi-
Ž . my1r2 Ž . Ž .tion g t ; t t “ 0 in II is necessary for the existence of the
Ž .solution a t of Problem 1.1. See Remark 2.2.
Ž .c The core of the assumptions in Theorem 1.2 is the condition
Ž . Ž . Ž .g t ) 0 0 - t - T . As is clear from 1.3 , this condition is fulfilled if one
XŽ . Ž . Ž .assumes that f t G 0 0 - t - T , f t k 0. Moreover, under this condi-
Ž . Ž . Ž .tion, f t must be positive on 0, T for the existence of the solution a t of
Ž .Problem 1.1. This fact will be proved in Section 6 see Lemma 6.1 .
The outline of the proof of Theorem 1.2 is as follows: In view of the
Ž .equivalence of Problem 1.1 to 1.3 , mentioned before, we hereafter focus
Ž .our attention on Eq. 1.3 . In Section 2 we shall prove the uniqueness of
Ž . w . Ž .solutions a t g C 0, T of Eq. 1.3 . In Section 3 we shall prove a localq
Ž .existence of the solution a t near t s 0, by applying the implicit function
Ž w x. Ž .theorem see, e.g., 9, Theorem 1.20 to 1.3 in a function space setting. In
w xthese sections, where we use techniques developed in 6 , the assumption
Ž . m Ž . my1r2 Ž .f t ; t , g t ; t t “ 0 plays a substantial role. In Section 4 we
Ž .shall show that the continuation of the local solution a t , which is
obtained in Section 3, can be made as long as it is positive and uniformly
continuous. This can also be accomplished by using the implicit function
Ž .theorem as a main tool. In Section 5 we shall show that the solution a t of
Ž .1.3 is positive and uniformly continuous. This, together with the conclu-
Ž .sion in Section 4, says that the solution a t can be continued to the right
Ž .as long as a t does not blow up. Finally, in Section 6, we shall show that
Ž . Ž . Ž .blow-up does not occur, provided that f t , g t ) 0 0 - t - T , to estab-
Ž .lish a global continuation result Theorem 6.3 . Theorem 1.2 is obtained
immediately by combining Theorems 2.1, 3.1, and 6.3.
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2. UNIQUENESS
In this section we establish the following uniqueness result:
THEOREM 2.1. Assume that
Ž . Ž . w . 1Ž . Ž . 1ym XŽ .i f t g C 0, T l C 0, T , f 0 s 0, lim t f t ) 0 witht “ 0
some m ) 0;
Ž . Ž . Ž .ii g t g C 0, T .q
Ž . Ž . w . Ž . Ž . Ž .If a t , a t g C 0, T are solutions of 1.3 then a t ’ a t .1 2 q 1 2
Ž .Remark 2.2. By the substitution t s tr, 1.3 can be rewritten as
1ym Xtr f tr drŽ . Ž .1
my1r2 't a t s p g t 0 - t - T . 2.1Ž . Ž . Ž . Ž .H 1r2 1ym1 r0 H a tr drŽ .Ž .r
Ž . Ž . Ž . w .Hence, assumption i implies that if 1.3 has a solution a t g C 0, Tq
then
lim t1r2ym g t ) 0. 2.2Ž . Ž .
t“0
Ž . Ž . w .In addition to assumption ii we assume that g t g C 0, T . Then, in view
Ž . Ž .of 2.2 , the condition m G 1r2 is necessary. In this case, if 1.3 has a
Ž . w . Ž .solution a t g C 0, T then 1.3 holds even at t s 0.q
Ž . Ž .Proof of Theorem 2.1. Let T g 0, T be fixed. By 2.1 we obtain for1
0 - t F T ,1
1ym 1ymX Xtr f tr dr tr f tr drŽ . Ž . Ž . Ž .1 1
a t s a t . 2.3Ž . Ž . Ž .H H2 11r2 1ym 1r2 1ym1 1r r0 0H a tr dr H a tr drŽ . Ž .Ž . Ž .r 2 r 1
By taking the limit as t “ 0, this yields
a 0 s a 0 . 2.4Ž . Ž . Ž .2 1
We put
1ym Xtr f tr drŽ . Ž .1
b t [ a t y a t , p t [ .Ž . Ž . Ž . Ž . H2 1 1r2 1ym1 r0 H a tr drŽ .Ž .r 2
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Ž .Then, from 2.3 , we have
b t p t s a t y a t p tŽ . Ž . Ž . Ž . Ž .Ž .2 1
1 11 1yms a t y trŽ . Ž .H1 1r2 1r2½ 51 10 H a tr dr H a tr drŽ . Ž .Ž . Ž .r 1 r 2
dr
X= f trŽ . 1ymr
H1b tr drŽ .1 r 1yms a t trŽ . Ž .H1 1r2 1r22 1 2 10 Ł H a tr dr Ý H a tr drŽ . Ž .Ž . Ž .js1 r j js1 r j
dr
X= f trŽ . 1ymr
1
s a t b ts dsŽ . Ž .H1
0
1ym X
s tr f tr drŽ . Ž .
= ,H 1ym1r2 1r22 1 2 1 r0 Ł H a tr dr Ý H a tr drŽ . Ž .Ž . Ž .js1 r j js1 r j
where we have used interchange of the order of integration. Therefore, by
setting
1ym X
sa t tr f tr drŽ . Ž . Ž .1
F t , s [ ,Ž . H 1ym1r2 1r22 1 2 1p t rŽ . 0 Ł H a tr dr Ý H a tr drŽ . Ž .Ž . Ž .js1 r j js1 r j
we arrive at
1
b t s F t , s b ts ds 0 F t F T . 2.5Ž . Ž . Ž . Ž . Ž .H 1
0
1r2ym y1'Ž . Ž . Ž . Ž . Ž .In view of 2.1 , p t s p t a t g t . Hence, by assumption ii ,2
Ž . Ž .p t is positive for 0 - t F T . But, in view of the definition of p t and1
Ž . Ž . w xassumption i , p t is a continuous function on the interval 0, T with1
Ž . Ž .p 0 ) 0. So min p t \ c ) 0. This shows that0 F t F T1
s dr
F t , s F M ,Ž . H1 3r2 1ym0 1 y r rŽ .
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where M is a constant independent of t, s . Since, by L'Hopital's rule,Ã1
3r2s 1ym
s dr H drr 1 y r rŽ .01r2lim 1 y s s lim s 2,Ž . H 3r2 y1r21yms“1 s“10 1 y r r 1 y sŽ . Ž .
there exists a constant M independent of t, s such that
M
F t , s F . 2.6Ž . Ž .1r21 y sŽ .
Ž .Moreover, from 2.4 , we get
s1 1 dr
F s [ lim F t , s sŽ . Ž . H1r2 3r21 1ym 1ym2t“0 0H drr 1 y r r 1 y r rŽ . Ž .0
s1 1 dr
s ) 0, 2.7Ž .H1 3r2 1ym2 B m ,Ž . 0 1 y r rŽ .2
Ž .where B ?, ? denotes the beta function. Note that this convergence is
uniform with respect to s in the sense
1r2lim sup 1 y s F t , s y F s s 0. 2.8Ž . Ž . Ž . Ž .
t“0 0Fs-1
We now define
1
J z t [ F s z ts ds 0 F t F LŽ . Ž . Ž . Ž .HF
0
Ž . w xfor all z t in the Banach space C 0, L of all continuous functions on
w x Ž 5 5 5 5 < Ž . <.0, L with normal ? given z [ max z t . Then J is aL L 0 F t F L F
w xbounded linear operator from C 0, L to itself, and the operator norm
5 5 w x w xJ of J : C 0, L “ C 0, L is computed asLF F
s1 1 dr1 1
5 5J F F s ds s dsŽ .L H H HF 1 3r2 1ym2 B m ,Ž .0 0 0 1 y r rŽ .2
1 1 dr 11 1
s ds s .H H1 3r2 1ym2 B m , 2Ž . 0 r1 y r rŽ .2
Accordingly, by means of the Neumann series, the operator I y J :F
w x w x Ž .y1 5Ž .y1 5C 0, L “ C 0, L has the bounded inverse I y J with I y JF F
w xF 2, where I denotes the identity operator in C 0, L .
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Ž .Since 2.5 can be written as
1
I y J b t s F t , s y F s b ts ds ,Ž . Ž . Ž . Ž . Ž .HF
0
we obtain for 0 - L F T ,1
1y15 5 5 5b F I y J max F t , s y F s ds bŽ . Ž . Ž .L H LF L
0FtFL 0
ds11r2 5 5F 2 max sup 1 y s F t , s y F s b .Ž . Ž . Ž . H L1r20FtFL 0 1 y sŽ .0Fs-1
Ž . 5 5This, together with 2.8 , shows that there exists d ) 0 such that b s 0,d
Ž . w xthat is, b t s 0 for any t g 0, d .
Ž . Ž .For d F t F T it follows from 2.5 , 2.6 that1
b tsŽ .1 1
b t s F t , s b ts ds F M dsŽ . Ž . Ž .H H 1r2
0 0 1 y sŽ .
M b t M b tŽ . Ž .t t
s dt F dt .H H1r2 1r2 1r2 1r2t dd dt y t t y tŽ . Ž .
This leads to
2
tM dt b sŽ .t
b t F dsŽ . H H1r2 1r2d d dt y t t y sŽ . Ž .
M 2 t
s p b s ds d F t F T .Ž . Ž .H 1d d
Ž . Ž .By virtue of Gronwall's inequality this shows that b t s 0 d F t F T .1
Ž .Since T - T is arbitrary, the proof of Theorem 2.1 is complete.1
Ž .Remark 2.3. Even under the assumption that f t is monotonically
nondecreasing, there appear cases for which Theorem 2.1 is useful. For
1r2'Ž . Ž . Ž .instance, we consider the case f t ’ t, g t s 2r p t . Then it is
Ž . Ž .clear that a t ’ 1 is a solution of 1.3 . Since the assumptions in Theorem
2.1 are satisfied we can apply the theorem to conclude that this trivial
Ž .solution is a unique solution of 1.3 .
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3. LOCAL EXISTENCE
In this section we establish the following local existence result:
THEOREM 3.1. Assume that, with some m ) 0,
Ž . Ž . w . 1Ž . Ž . 1ym XŽ .i f t g C 0, T l C 0, T , f 0 s 0, lim t f t ) 0;t “ 0
Ž . Ž . Ž . 1r2ym Ž .ii g t g C 0, T , lim t g t ) 0.q t “ 0
Ž . w xThen, for sufficiently small T ) 0, there exists a t g C 0, T satisfying0 q 0
Ž .1.3 for 0 - t - T .0
Ž . Ž . XŽ . Ž .Remark 3.2. Assumptions i and ii imply that f t ) 0, g t ) 0
near t s 0. Accordingly, in the case m G 1r2, this result is a direct
w xconsequence of 10, Theorem 3 ; also, in the case m s 1r2, it is a
w xconsequence of 7, Theorem 4 .
Proof of Theorem 3.1. Our proof is based on the implicit function
Ž . Ž . Ž . Ž .theorem. Let f t , g t be functions satisfying i , ii and put
P [ lim t1ym f X t , Q [ lim t1r2ym g t .Ž . Ž .
t“0 t“0
Ž .Moreover we define a function g t by0
QrP f X tŽ .t
g t [ dtŽ . H0 1r2B m , 1r2Ž . 0 t y tŽ .
1ym XQrP tr f trŽ . Ž .1
my1r2s t dr 3.1Ž .H 1r2 1ymB m , 1r2Ž . 0 1 y r rŽ .
and consider a mapping defined by
Xf tŽ .t1r2ym 1r2ym'F a t s t a t dt y p t g t .Ž . Ž . Ž .Ž . H 01r2t0 H a r drŽ .Ž .t
It is easy to see that the constant function
2QrP'a t [ pŽ .0 1ž /B m ,Ž .2
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Ž Ž .. 1satisfies F a t s 0. For each T - T , F is a C -mapping of an open0 1
w x w xneighborhood of a in C 0, T to C 0, T with the Frechet derivativeÂ0 1 1
Ž .F a at a computed asa 0 0
F a a t s ay1r2 t1r2ymŽ . Ž .a 0 0
f X t 1 f X tŽ . Ž .t t t
= a t dt y dt a r drŽ . Ž .H H H1r2 3r2½ 520 0 tt y t t y tŽ . Ž .
s ay1r2 t1r2ym0
X
t
Xf t 1 f tŽ . Ž .t t
= a t dt y a r dr dtŽ . Ž .H H H1r2 3r2½ 520 0 0t y t t y tŽ . Ž .
1ym X
s1 tr f trŽ . Ž .1
s A v t a t y a ts ds drŽ . Ž . Ž .H H 3r2 1ym½ 52 0 0 1 y r rŽ .
Ž . w xfor each a t g C 0, T . Here we set1
1ymy1 XQrP tr f trŽ . Ž .1y1r2 'A [ a s p , v t [ drŽ . H0 1r2 1ymž /B m , 1r2Ž . 0 1 y r rŽ .
Ž . w xLet h t g C 0, T and consider the equation1
F a a t s h t 0 F t F T . 3.2Ž . Ž . Ž . Ž . Ž .a 0 1
Ž .By assumption, the function v t is positive for sufficiently small t. Hence,
Ž .if T is sufficiently small then 3.2 is equivalent to1
1 Äa t y V t , s a ts ds s h t 0 F t F T , 3.3Ž . Ž . Ž . Ž . Ž . Ž .H 1
0
where we put
1ym X
s1 tr f trŽ . Ž . y1ÄV t , s [ dr , h t [ Av t h t .Ž . Ž . Ž . Ž .Ž .H 3r2 1ym2v tŽ . 0 1 y r rŽ .
By interchange of the order of integration we have
s1 dr 11 1
lim V t , s ds s ds s .Ž .H H H 3r2 1ym2 B 1r2, m 2t“0 Ž .0 0 0 1 y r rŽ .
Ž .Therefore, by means of the Neumann series, Eq. 3.3 is uniquely solvable
w xin the space C 0, T , provided that T is sufficiently small. This shows that1 1
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Ž . w x w xF a : C 0, T “ C 0, T has a bounded linear inverse. Hence, by thea 0 1 1
Ž w x.implicit function theorem see, e.g., 9, Theorem 1.20 , we conclude that
Ž Ž .. Ž .there exists d ) 0 such that the equation F a t s h t has a solution
Ž . w x < Ž . <a t in C 0, T if max h t - d .1 0 F t F T1
1r2ym 1r2ym' 'Ž . Ž . Ž . Ž .We now set k t [ p t g t y p t g t . By 3.1 it follows0
Ž .that lim k t s 0. Noting that d may depend on T we introduce at “ 0 1
Ä Ä XŽ . Ž . Ž . w xfunction k t so that k t s k t near 0}in 0, T , say}and so that1
Ä Ä< Ž . < Ž .Ž . Ž . Ž . w xmax k t - d . Then F a t s k t has a solution a t in C 0, T .0 F t F T 11
Ž . Ž . XBy the definition of F, a t satisfies 1.3 for 0 F t F T . This completes1
the proof of Theorem 3.1.
4. LOCAL CONTINUATION
In this section we establish the following continuation result:
PROPOSITION 4.1. Assume that
Ž . Ž . w . 1Ž .i f t g C 0, T l C 0, T ;
Ž . Ž . Ž .ii g t g C 0, T .q
Ž . w x Ž .Let 0 - T - T and suppose that there exists a t g C 0, T satisfying 1.31 q 1
Ž .for 0 - t F T . Then a t can be continued to the right of T as a function1 1
Ž .satisfying 1.3 .
Proof. As in the proof of Theorem 3.1, we use the implicit function
theorem. Let T be fixed so that T - T - T and define a constant2 1 2
Ž . w x Ž . Ž . Ž .function a t in the interval T , T by a t ’ a T and a t in theÄ0 1 2 0 1
w xinterval 0, T by2
a t 0 F t F T ,Ž . Ž .1a t [Ž .Ä ½ a t T F t F T .Ž . Ž .0 1 2
Ž . w xMoreover we define a function g t in T , T by0 1 2
1 f X tŽ .t
g t [ a t dt . 4.1Ž . Ž . Ž .H0 0 1r2' tp 0 H a r drŽ .ÄŽ .t
 Ž . w x < Ž . 4Let X be a function space defined by X [ b t g C T , T b T s 01 2 1
with the maximal norm, and consider the mapping
Xf tŽ .t 'F b t [ a t q b t dt y p g tŽ . Ž . Ž . Ž . Ž .Ž .H0 01r2t0 ÄH a r q b r drŽ . Ž .ÄŽ .t
T F t F T ,Ž .1 2
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where
0 0 F t F T ,Ž .1Äb t [Ž . ½ b t T F t F T .Ž . Ž .1 2
Ž . 1Clearly F 0 s 0. As is easily seen, F is a C -mapping of an open
Ž .neighborhood of 0 in X to X. The Frechet derivative F 0 at 0 isÂ b
computed as, for b g X,
f X tŽ .t
F 0 b t s b t dtŽ . Ž . Ž .Hb 1r2t0 H a r drŽ .ÄŽ .t
s
X1 f tŽ .t
y a t b s ds dt ,Ž . Ž .H H0 3r2t2 T 01 H a r drŽ .ÄŽ .t
Ž .which, together with 4.1 , yields
s
Xg t 1 f tŽ . Ž .t0'F 0 b t s p b t y a t b s ds dt .Ž . Ž . Ž . Ž . Ž .H Hb 0 3r2ta t 2Ž . T 00 1 H a r drŽ .ÄŽ .t
4.2Ž .
Ž .We now let f t g X and consider the equation
F 0 b t s f t T F t F T . 4.3Ž . Ž . Ž . Ž . Ž .b 1 2
Ž . Ž .In view of assumption ii , g T ) 0. Hence, if T is sufficiently near T0 1 2 1
Ž . Ž .then g t ) 0 for T F t F T , and 4.3 is equivalent to0 1 2
t Äb t y L t , s b s ds s f t T F t F T , 4.4Ž . Ž . Ž . Ž . Ž . Ž .H 1 2
T1
where we set
2 X
s1 a t f tŽ . Ž .0
L t , s [ dt T F s F t F T ,Ž . Ž .H 1 23r2' tg tŽ .2 p 00 H a r drŽ .ÄŽ .t
a tŽ .0Äf t [ f t T F t F T .Ž . Ž . Ž .1 2'p g tŽ .0
Ž . < Ž . <Since a r ) 0 for 0 F t F T there exists a constant M such that L t, sÄ 2
Ž .y1r2 Ž w x.F M t y s . So, by a standard method see, e.g., 11, Section 39
Ž .of solving the Volterra equation of the second kind, it follows that 4.4
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ÄŽ . Ž .has a unique solution b t in X for each f t g X and that the correspon-
ÄŽ . Ž .dence f t ‹ b t is a bounded linear operator in X. This shows that
Ž .F 0 : X “ X has a bounded linear inverse. Hence, by the implicitb
function theorem, we conclude that there exists d ) 0 such that the
'Ž .Ž . Ž Ž . Ž .. Ž .equation F b t s p g t y g t has a solution b t in X if0' < Ž . Ž . < Ž .max p g t y g t - d . By introducing a function g t so thatÄT F t F T 01 2 X 'Ž . Ž . w x < Ž .g t s g t near T }in T , T , say}and so that max p g t yÄ Ä1 1 2 T F t F T1 2'Ž . < Ž .Ž . Ž Ž . Ž .. Ž .g t - d , F b t s p g t y g t has a solution b t in X. Using theÄ0 0
Ž . Ž . Ž . Ž . Ž . Ž .solution b t we set a t [ a t q b t . Then a t satisfies 1.3 for0
T F t F T X . This completes the proof of Proposition 4.1.1 2
We have employed the implicit function theorem to prove Proposition
4.1. As a consequence we have proved the following:
COROLLARY 4.2. The continuation in Proposition 4.1 is unique; that is, if
Ä ÄŽ . w x Ž . w x Ž . w xa t g C 0, T , a t g C 0, T are continuations of a t g C 0, T ,Ä Ä1 q 1 2 q 2 q 1
Ä ÄŽ . Ž . Ž .then a t s a t for T F t F min T , T .Ä Ä1 2 1 1 2
5. ALTERNATIVE
In this section we establish the following:
PROPOSITION 5.1. Assume that
Ž . Ž . w . 1Ž . Ž . XŽ .i f t g C 0, T l C 0, T , f 0 s 0, and f t ) 0 for 0 - t -
Ž xT with some T g 0, T ;0 0
Ž . Ž . Ž .ii g t g C 0, T .q
Ž . w . Ž . Ž .Let 0 - T - T and let a t g C 0, T satisfy 1.3 for 0 - t - T . If a t1 q 1 1
Ž .does not become infinite as t “ T then a t can be continued to the right of1
Ž .T as a function satisfying 1.3 .1
An obvious consequence of Proposition 5.1 is the following:
Ž . Ž .COROLLARY 5.2. Assume i and ii in Proposition 5.1. If the solution
Ž . w . Ž . Ž .a t g C 0, T of 1.3 cannot be continued any further, then lim a t1 t “ T1
s q‘.
We base the proof of Theorem 5.1 on the following a priori property of
Ž .solutions of 1.3 :
Ž .LEMMA 5.3. Under the same assumption as in Proposition 5.1, a t
Ž .satisfies inf a t ) 0.0 F t - T1
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Proof. Without loss of generality we can assume that T - T . Let0 1
X Ž . XT - T - T . From 1.3 we have for T F t F T ,0 1 1 0 1
Xf tŽ .t'0 - p min g t F a t dtŽ . Ž . H 1r2tT FtFT 00 1 H a r drŽ .Ž .t
X Xf t f tŽ . Ž .T t0F a t dt q dtŽ . H H1r2 1r2½ 5t t0 TH a r dr H a r dr0Ž . Ž .Ž . Ž .t t
f X tŽ .T0F a t dtŽ . H 1r2T½ 00 H a r drŽ .Ž .t
X
Xmax f t dtŽ . tT F t F T0 1q dtH1r2 1r2 5T t y tŽ .Xmin a t 0Ž .Ž .T F t F T0 1
Xmax f tg T Ž .Ž . T F t F T0 1r20 1'F a t p q 2 T y T ,Ž . Ž .1 01r2½ 5a TŽ . X0 min a tŽ .Ž .T F t F T0 1
which yields
'p min g t F min a tŽ . Ž .
XT FtFT T FtFT0 1 0 1
Xmax f tg T Ž .Ž . T F t F T0 1r20 1'= p q 2 T y T .Ž .1 01r2½ 5a TŽ . X0 min a tŽ .Ž .T F t F T0 1
By setting
1r2
X [ min a t , A [ min g t ,Ž . Ž .ž /XT FtFT T FtFT0 1 0 1
g T 2Ž .0 1r2 XB [ , C [ T y T max f t ,Ž . Ž .1 0'a T T FtFTŽ . p 0 10
this is rewritten as A F BX 2 q CX. Since A, B ) 0, C G 0, we get X G
y1 2'Ž . Ž .2 B yC q C q 4 AB . Noting that the right side is a constant
independent of T X, we complete the proof.1
Ž .Lemma 5.3 leads to the following alternati¤e for solutions of 1.3 :
Ž . Ž .LEMMA 5.4. Assume i and ii in Proposition 5.1. Let 0 - T - T and1
Ž . w . Ž . Ž .let a t g C 0, T satisfy 1.3 for 0 - t - T . Then, either a t tends to aq 1 1
CONDUCTIVITY IN HEAT EQUATIONS 205
Ž . Ž .finite, positi¤e ¤alue as t “ T : 0 - lim a t - ‘ or a t tends to infinity1 t “ T1
Ž .as t “ T : lim a t s q‘.1 t “ T1
Proof. We proceed in two steps.
Ž . Ž .Step 1. We shall show that if lim inf a t - ‘ then sup a tt “ T 0 F t - T1 1
 4‘- ‘. By assumption there exists a sequence t “ T as k “ ‘, suchk ks1 1
that
sup a t F M - ‘, 5.1Ž . Ž .k 1
k
Ž .with some constant M independent of k. Equation 1.3 can be rewritten1
as
Xf tŽ .tk'p g t s a t dtŽ . Ž .H 1r2tk0 H a r drŽ .Ž .t
1 1tk Xq a t y f t dtŽ . Ž .H 1r2 1r2t tž /k0 H a r dr H a r drŽ . Ž .Ž . Ž .t t
f X tŽ .t
q a t dt .Ž .H 1r2tt H a r drk Ž .Ž .t
Hence, we have
g tŽ .k' 'p g t s p a t q I t , t q I t , t , 5.2Ž . Ž . Ž . Ž . Ž .1 k 2 ka tŽ .k
where
t
I t , t [ ya t a r drŽ . Ž . Ž .H1 k
tk
f X tŽ .tk
= dt ,H 1r2 1r2t tk0 H a r dr H a r drŽ . Ž .Ž . Ž .t t
1r2 1r2t tk= H a r dr q H a r drŽ . Ž .Ž . Ž .½ 5t t
f X tŽ .t
I t , t [ a t dt .Ž . Ž .H2 k 1r2tt H a r drk Ž .Ž .t
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' Ž . Ž .By subtracting p g t from 5.2 and multiplying the resulting equationk
Ž . Ž .by a t rg t , we obtaink k
a tŽ .k' 'p a t y a t s p g t y g tŽ . Ž . Ž . Ž .Ž . Ž .k kg tŽ .k
a t a tŽ . Ž .k ky I t , t y I t , t 5.3Ž . Ž . Ž .1 k 2 kg t g tŽ . Ž .k k
for t G t . By settingk
b t [ a t y a t , w t , tŽ . Ž . Ž . Ž .k k k
f X tŽ .tk
[ dt ,H 1r2 1r2t tk0 H a r dr H a r drŽ . Ž .Ž . Ž .t t
1r2 1r2t tk= H a r dr q H a r drŽ . Ž .Ž . Ž .½ 5t t
f X tŽ .t
c t , t [ dt ,Ž . Hk 1r2tt H a r drk Ž .Ž .t
we obtain
t
I t , t s y b t q a t b r q a t dr w t , tŽ . Ž . Ž . Ž . Ž . Ž .Ž . Ž .H1 k k k k k k
tk
t t
s yw t , t b t b r dr y a t w t , t b r drŽ . Ž . Ž . Ž . Ž . Ž .H Hk k k k k k
t tk k
2y b t t y t a t w t , t y a t t y t w t , tŽ . Ž . Ž . Ž . Ž . Ž . Ž .k k k k k k k
I t , t s b t c t , t q a t c t , t .Ž . Ž . Ž . Ž . Ž .2 k k k k k
Ž .Substituting this into 5.3 shows that
2a t a tŽ . Ž .k k'p y t y t w t , t q c t , t b tŽ . Ž . Ž . Ž .k k k kg t g tŽ . Ž .k k
2a tŽ . tks A t q w t , t b r drŽ . Ž . Ž .Hk kg tŽ . tk k
a tŽ . tkq b t w t , t b t dr , 5.4Ž . Ž . Ž . Ž .Hk k kg tŽ . tk k
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where we put
a tŽ .k'A t [ p g t y g tŽ . Ž . Ž .Ž .kg tŽ .k
3 2a t a tŽ . Ž .k kq t y t w t , t y c t , t .Ž . Ž . Ž .k k kg t g tŽ . Ž .k k
Ž . < XŽ . <We now set m [ inf a t , M [ max f t . In view ofa 0 F t - T f t F t F T1 1 1 2Ž .Lemma 5.3, m ) 0. Hence, by the substitution t s t y r t y t , ita k k
follows that for t - t - T ,k 1
M dttf k
w t , t FŽ . Hk 3r2 1r2 1r2m 0 t y t t y t q t y t t y tŽ . Ž . Ž . Ž .a k k
M dttf kF H3r2 1r2m 0 t y t t y tŽ . Ž .a k
4M 1 dr1r2Ž Ž ..f t r tytk ks H3r2 1r2 2m 1 q r0t y tŽ .a k
‘4M 1 drfF H3r2 1r2 2m 1 q r0t y tŽ .a k
2p M 1fs ,3r2 1r2m t y tŽ .a k
M dt 2 Mtf f 1r2
c t , t F s t y t .Ž . Ž .Hk k1r2 1r2 1r2m mt t y tŽ .a ak
Thus, we have
M2 1r2
w t , t F , c t , t F M t y t , 5.5Ž . Ž . Ž . Ž .k k 2 k1r2t y tŽ .k
Ž .with a constant M independent of k. This, together with 5.1 , shows that2
if we take N sufficiently large then, for k G N ,1 1
2a t a tŽ . Ž .k k 'y t y t w t , t q c t , t F p y 1 t F t - T .Ž . Ž . Ž . Ž .k k k k 1g t g tŽ . Ž .k k
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Ž . Ž . Ž .Accordingly, from 5.1 , 5.4 , and 5.5 , we have
M q M b tŽ . t3 4 k
b t F A t q b r dr k G N .Ž . Ž . Ž . Ž .Hk k 11r2
tt y tŽ . kk
< Ž . <So, for k G N , if b t F 1 then for t - t - T ,1 k k 1
M q M t3 4
b t F A t q b r drŽ . Ž . Ž .Hk k1r2
tt y tŽ . kk
rM q M M q Mt3 4 3 4F A t q A r q b s ds drŽ . Ž . Ž .H H k1r2 1r2½ 5t tt y t r y tŽ . Ž .k kk k
t2F B t q M q M b s ds,Ž . Ž . Ž .H3 4 k
tk
where
M q M t3 4
B t [ A t q A r dr .Ž . Ž . Ž .H1r2
tt y tŽ . kk
Ž . Ž . Ž .By the definition of A t and 5.5 , it follows that lim B t s 0t “ tk
uniformly with respect to k. This, together with Gronwall's inequality,
Ž .shows that lim b t s 0 uniformly with respect to k. Hence if we taket “ t kk
Ž . < Ž . <N G N sufficiently large then b t F 1r2 for k G N, t F t - T , pro-1 k k 1
< Ž . <vided that b t F 1. In other words, for k G N, t F t F T , eitherk k 1
< Ž . < < Ž . < Ž .b t G 1 or b t F 1r2. But the former does not occur because b t isk k k
Ž .a continuous function in the interval with b t s 0. Thereby we concludek k
1Ž . Ž .that there exists a number N such that, for k G N, a t F a t q in thek 2
Ž .interval t F t - T . This shows that sup a t - ‘.k 1 0 F t - T1
Ž . Ž .Step 2. We shall show that if sup a t - ‘ then a t tends to a0 F t - T1
Ž .finite, positive value as t “ T . Let T F s F t - T . Using 5.3 we have1 0 1
a sŽ .' 'p a t y a s s p g t y g sŽ . Ž . Ž . Ž .Ž . Ž .
g sŽ .
a s a sŽ . Ž .
y I t , s y I t , sŽ . Ž .1 2g s g sŽ . Ž .
a sŽ .'s p g t y g sŽ . Ž .Ž .
g sŽ .
a s a t a s a tŽ . Ž . Ž . Ž .t
q a r dr w t , s y c t , s .Ž . Ž . Ž .Hg s g sŽ . Ž .s
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Ž . Ž .It follows from this equality, the assumption sup a t - ‘, 5.5 , and0 F t - T1
Ž . Ž . w .the uniform continuity of g t that a t is uniformly continuous on 0, T .1
Ž . w xHence a t is extended as a continuous function on 0, T . The proof of1
Lemma 5.4 is complete.
We now give the
Ž .Proof of Proposition 5.1. If a t does not become infinite as t “ T ,1
Ž . w xthen, by Lemma 5.4, a t is extended as a positive solution on 0, T . So, by1
Ž .Proposition 4.1, a t can be continued to the right of T as a function1
Ž .satisfying 1.3 . The proof of Proposition 5.1 is complete.
6. GLOBAL CONTINUATION
Ž . Ž .In this section we show that the solution a t of 1.3 cannot become
Ž . Ž . Ž .infinite at any point of the interval 0, T , provided that f t , g t ) 0 for
0 - t - T.
We start with the following:
Ž . w . 1Ž . Ž . Ž . Ž .LEMMA 6.1. Let f t g C 0, T l C 0, T , f 0 s 0, g t g C 0, T ,
Ž . w . Ž . Ž .and suppose that there exists a solution a t g C 0, T of 1.3 . Then f tq
can be expressed as
1 g tŽ .t
f t s dt 0 - t - T . 6.1Ž . Ž . Ž .H 1r2t'p 0 H a r drŽ .Ž .t
Ž . Ž .In particular, if g t ) 0 for 0 - t - T then f t ) 0 for 0 - t - T.
Ž . t Ž . Ž . w . Ž .Proof. Set A t [ H a r dr. By the assumption a t g C 0, T , A t0 0 q 0
Ž . w Ž ..has the inverse function w k defined on the interval 0, A T , with the0 0
X Ž . Ž Ž ..y1 Ž .derivative w k s a w k . By changing the variables via k s A t ,0 0 0
Ž . Ž .j s A t , 1.3 can be rewritten as0
1 f X w j wX jŽ . Ž .Ž .k 0 0 Xdj s g w k w k 0 - k - A t .Ž . Ž . Ž .Ž . Ž .H 0 0 01r2'p 0 k y jŽ .
6.2Ž .
Ž w x.Applying a standard method see, e.g., 11, Sect. 41 for solving Abel's
Ž .equation to 6.2 yields
1 g w j wX jŽ . Ž .Ž .k 0 0
f w k s dj 0 - k - A T .Ž . Ž .Ž . Ž .H0 01r2'p 0 k y jŽ .
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Ž . Ž .By the substitution t s w j , this can be rewritten as 6.1 . This proves0
the lemma.
Lemma 6.1 leads to the following result, which states that the solutions
Ž . Ž . Ž .of 1.3 do not blow up, under the assumption f t , g t ) 0 for 0 - t - T.
PROPOSITION 6.2. Assume that
Ž . Ž . w . 1 Ž . Ž . XŽ .i f t g C 0, T l C 0, T , f 0 s 0, and f t ) 0 for 0 - t -q
Ž xT with some T g 0, T ;0 0
Ž . Ž . Ž .ii g t g C 0, T .q
Ž . w . Ž .Let 0 - T# - T and let a t g C 0, T# satisfy 1.3 for 0 - t - T#.q
Ž .Then a t does not become infinite as t “ T#.
Proof. We proceed in two steps.
T# Ž .Step 1. We shall show that H a t dt - ‘. From Lemma 6.1 we obtain0
1 g tŽ .t
f t F f T q dt T F t - T# .Ž . Ž . Ž .H0 01r2t'p T H a r dr0 Ž .Ž .t
It follows from Lemma 5.3 that there exists a constant M independent of t
such that
g t MŽ .
F T - t - T# .Ž .01r2 1r2t t y tŽ .H a r drŽ .Ž .t
T# Ž .If H a t dt s ‘, then the left side of the above inequality tends to 0 as0
t “ T#. Hence, by Lebesgue's convergence theorem and noting that
Ž . Ž .f T “ 0 as T “ 0, we conclude that f T# s 0, which contradicts the0 0
Ž .assumption that f t ) 0 for 0 - t - T.
Step 2. We shall prove the proposition by contradiction. Without loss
of generality we can assume that 0 - T - T#. Let us suppose that0
Ž .lim a t s q‘. In view of the fact we proved in Step 1, k# [t “ T#
T# Ž .H a t dt must be finite. By settingT0
t
A t [ a r dr T F t F T# ,Ž . Ž . Ž .H 0
T0
Ž .1.3 can be rewritten as
1 f X t f X tŽ . Ž .T t0a t dt q dtŽ . H H1r2 1r2T' ž /0p 0 T A t y A tŽ . Ž .Ž .H a r dr q A t 0Ž . Ž .Ž .t
s g t ,Ž .
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Ž . Ž . Ž .for T F t - T#. Let w k 0 F k F k# be the inverse function of A t .0
XŽ . Ž Ž ..y1 Ž .It follows from w k s a w k and the assumption lim a t s q‘t “ T#
XŽ . Ž . Ž .that w k# s 0. By changing the variables via k s A t , j s A t , we
obtain for 0 F k F k#,
f X t f X w j wX jŽ . Ž . Ž .Ž .T k0 dt q djH H1r2 1r2T00 0 k y jŽ .H a r dr q kŽ .Ž .t
X's p g w k w k . 6.3Ž . Ž . Ž .Ž .
1 Ž .We now let 0 - e - . Then, from 6.3 , we obtain for 0 F k F k#,2
dj f X tŽ .k T0 dtH H1r2ye 1r2T00 0k y jŽ . H a r dr q jŽ .Ž .t
dj f X w h wX hŽ . Ž .Ž .k j
q dhH H1r2ye 1r2
0 0k y j j y hŽ . Ž .
Xg w j w jŽ . Ž .Ž .k's p dj .H 1r2ye
0 k y jŽ .
By interchanging the order of integration this can be rewritten as
dhT 10 X1r2qek f t dtŽ .H H 1r21r2ye T00 0 1 y h H a r dr q khŽ . Ž .Ž .t
1 1 k e X Xq B e q , k y h f w h w h dhŽ . Ž . Ž .Ž .Hž /2 2 0
Xg w j w jŽ . Ž .Ž .k's p dj . 6.4Ž .H 1r2ye
0 k y jŽ .
Ž .We now take the derivatives of both sides in 6.4 at k s k#. A simple
calculation shows that
d dhT 10 X1r2qek f t dtŽ .H H 1r21r2ye Tdk 00 0 1 y h H a r dr q khŽ . Ž .Ž .t
1 ey1r2 T eq1r20q e k H a r dr q e k hŽ .Ž .T 1 t20 Xs f t dt dh .Ž .H H 3r21r2ye T00 0 1 y h H a r dr q khŽ . Ž .Ž .t
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XŽ .Hence, by f t ) 0 for 0 - t - T , it follows that0
d dhT 10 X1r2qek f t dt ) 0.Ž .H H 1r21r2ye Tdk 00 0 1 y h H a r dr q khŽ . Ž .Ž .t ksk#
6.5Ž .
Moreover, we have
d k e X X <k y h f w h w h dhŽ . Ž . Ž .Ž .H ksk#dk 0
k# ey1 X Xs e k# y h f w h w h dhŽ . Ž . Ž .Ž .H
0
k#ye ey1 X Xs e k# y h f w h w h dhŽ . Ž . Ž .Ž .H
0
k# ey1 X Xqe k# y h f w h w h dhŽ . Ž . Ž .Ž .H
k#ye
k#ye ey1X XF max f w h w h e k# y h dhŽ . Ž . Ž .Ž . H
0FhFk# 0
k# ey1X Xq max f w h w h e k# y h dhŽ . Ž . Ž .Ž . H
k#yeFhFk# k#ye
X X e es max f w h w h e y k #Ž . Ž . Ž .Ž .
0FhFk#
X X eq max f w h w h e .Ž . Ž .Ž .
k#yeFhFk#
1Ž . XŽ .Since f g C 0, T and w k# s 0, this shows that
d k e X Xlim k y h f w h w h dh s 0. 6.6Ž . Ž . Ž . Ž .Ž .H ksk#dke“0 0
Ž . Ž .This, together with 6.5 , shows that the derivative of the left side in 6.4
at k s k# tends to a positive value as e “ 0.
X'Ž . Ž Ž .. Ž .We now set p k [ p g w k w k and evaluate the derivative of the
Ž . Ž .right side in 6.4 . It follows from 6.3 that, for 0 F h F k F k#,
p k y p hŽ . Ž .
1 1T0 Xs y f t dtŽ .H 1r2 1r2½ 5T T0 00 H a r dr q k H a r dr q hŽ . Ž .Ž . Ž .t t
f X w j wX jŽ . Ž .Ž .k
q djH 1r2
h k y jŽ .
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1 1h X Xq y f w j w j djŽ . Ž .Ž .H 1r2 1r2
0 k y j h y jŽ . Ž .
1k
F M k y h q djŽ . H 1r2½ h k y jŽ .
1 1h
q y djH 1r2 1r2 50 k y j h y jŽ . Ž .
s M k y h q 2 k1r2 y h1r2 , 4Ž . Ž .
where M is independent of h, k. Hence, by the inequalities
1r2 1r21r2 1r2 1r2k y h F k y h k# , k y h F k y hŽ . Ž .
0 F h F k F k# ,Ž .
we obtain
1r2Xp k y p h F M k y h 0 F h F k F k# ,Ž . Ž . Ž . Ž .
where M X is independent of h, k. This leads to
1r2Y1r2qeh p hu y p u F M 1 y h 0 F u F k , 0 F h F 1 ,Ž . Ž . Ž . Ž .
6.7Ž .
where MY is independent of u , h. Therefore, by integrating by parts, we
have for 0 F k F k#,
Xg w j w jŽ . Ž .Ž .k'p djH 1r2ye
0 k y jŽ .
p jŽ .k
s djH 1r2ye
0 k y jŽ .
h1r2ye d p r p uŽ . Ž .1 kh k
s dr y du dhH H H1r2ye 1r2ye 1r2yež /dh r u0 0 01 y hŽ .
h1r2ye d h1r2qe p hu y p uŽ . Ž .1 k
s du dhH H1r2ye 1r2yež /dh u0 01 y hŽ .
1 dh h1r2qe p hu y p uŽ . Ž .1 k
s e y du .H H3r2ye 1r2yež / 1r2qe2 u0 01 y h hŽ .
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Ž .Here we have used 6.7 to show that
hs11r2ye 1r2qeh h p hu y p uŽ . Ž .k
du s 0.H1r2ye 1r2yeu01 y hŽ . hs0
Ž .The estimate 6.7 enables us to use Fubini's theorem to get
Xg w j w jŽ . Ž .Ž .k'p djH 1r2ye
0 k y jŽ .
du h1r2qe p hu y p uŽ . Ž .k 11s e y dh .Ž .H H2 1r2ye 3r2ye 1r2qeu0 0 1 y h hŽ .
Ž .Differentiating this in k at k#, and noting that p k# s 0, yield
Xd g w j w j 1 p k#hŽ . Ž . Ž .Ž .k 11'p dj s e y dh .Ž .H Hksk# 21r2ye 1r2ye 3r2yedk k#0 0k y j 1 y hŽ . Ž .
The integrand in the right side is monotonically increasing as e “ 0.
Hence, by Beppo Levi's theorem, we arrive at
X'd p g w j w jŽ . Ž .Ž .k
lim djH ksk#1 1 1r2yedk B e q ,e“0 Ž . 0 k y jŽ .2 2
1 p k#hŽ .1
s y dh .H1r2 3r22k# p 0 1 y hŽ .
Ž . Ž . Ž .By the assumption g t ) 0 0 - t - T , the function p k is positive for
Ž .0 - k - k#. Accordingly, the derivative of the left side in 6.4 at k s k#
Ž .tends to a negative finite or infinite value as e “ 0. These yield a
contradiction and complete the proof of Proposition 6.2.
Ž .We remark that the assumption g t ) 0 for 0 - t - T in Proposition
6.2 cannot be removed, which is indicated by the following example.
EXAMPLE. Let
t 2
f t [ t y 0 F t - 2 ;Ž . Ž .
2
¡ 2 2 7 7 7'y y y t 16 t y 21 y 4 7 y t( ( ( (( ž /35 p 4 4 4~g t [Ž . 0 F t F 7r4 ,Ž .
2
1r4y 7 7r4 F t - 2 .Ž .¢ '5 p
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7 y1r2Ž . Ž .Then an elementary calculation shows that a t [ y t satisfies4
7 7Ž . Ž .1.3 for 0 - t - . The solution a t blows up at t s though f , g fulfill4 4
the assumptions in Proposition 6.2 except the positivity of g. The function
7 'Ž . Ž .g is negative for t ) T# [ 5 q 5 s 1.58289 . . . see Fig. 1 . We32
Ž .remark that, if we take T s T#, the function a t is a real solution of
Problem 1.1 with the above f , g, which is guaranteed by Theorem 2.1.
Combining Propositions 5.1 and 6.2 and Corollary 4.2, we arrive at the
following global continuation result:
THEOREM 6.3. Assume that
Ž . Ž . w . 1 Ž . Ž . XŽ .i f t g C 0, T l C 0, T , f 0 s 0, and f t ) 0 for 0 - t -q
Ž xT with some T g 0, T ;0 0
Ž . Ž . Ž .ii g t g C 0, T .q
FIGURE 1
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Ž x Ž . w . Ž .If , for some T g 0, T , there exists a t g C 0, T satisfying 1.3 for1 q 1
Ž .0 - t - T , then the solution a t can be uniquely continued to the inter¤al1
w . Ž . Ž .0,T as a solution of 1.3 : that is, there exists a unique solution a t gÄ
w . Ž . Ž . Ž .C 0, T of 1.3 such that a t s a t for 0 F t - T .Äq 1
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